The scattering amplitude from a set of discrete states coupled to a continuum became known as the Fano profile, characteristic for its asymmetric lineshape and originally investigated in the context of photoionization. The generality of the model, and the proliferation of engineered nanostructured with confined states gives immense success to the Fano lineshape which is invoked whenever an asymmetric lineshape is encountered. However, many of these systems do not conform to the initial model worked out by Fano in that i) they are subject to dissipative processes and ii) the observables are not entirely analogous to the ones measured in the original photoionization experiments. In this letter, we work out the full optical response of a Fano model with dissipation. We find that the exact result for absorption, Raman, Rayleigh and fluorescence emission is a modified Fano profile where the typical lineshape has an additional Lorentzian contribution.
The scattering amplitude from a set of discrete states coupled to a continuum became known as the Fano profile, characteristic for its asymmetric lineshape and originally investigated in the context of photoionization. The generality of the model, and the proliferation of engineered nanostructured with confined states gives immense success to the Fano lineshape which is invoked whenever an asymmetric lineshape is encountered. However, many of these systems do not conform to the initial model worked out by Fano in that i) they are subject to dissipative processes and ii) the observables are not entirely analogous to the ones measured in the original photoionization experiments. In this letter, we work out the full optical response of a Fano model with dissipation. We find that the exact result for absorption, Raman, Rayleigh and fluorescence emission is a modified Fano profile where the typical lineshape has an additional Lorentzian contribution.
In a set of seminal papers spanning from 1935 and 1961, Beutler [1] , Fano [2, 3] and Friederichs [4] laid the basis of the theory to describe the absorption lineshapes of atomic photoionization experiments. These lineshapes presented marked asymmetries which could not be explained by a simple Lorentzian resonance. The explanation was attributed to an interference between two photo-ionizaton pathways: one where the atom is ionized directly from its ground state and one where it is first excited to a higher discrete state which then ionizes (auto-ionized states). Asymmetric lineshapes can be observed in general photo-fragmentation experiments. The minimal Fano model consists in a discrete excited state coupled to a continuum set of excited states, both type of states being reachable by photo-excitation from the ground state. The resulting photo-fragmentation crosssection as a function of the excitation laser frequency ω L is known as the Beutler-Fano or Fano profile:
where q is the ratio of the transition dipole moment of the ground-discrete and ground-continuous transitions, and = (E e − ω L )/γ where E e is the energy of the discrete state and γ = nπV 2 is the linewidth of the excited state, induced by its coupling (per unit of energy) nV 2 to the continuum set of states, n being the density of states.
Since the original photoionization experiments, the Beutler-Fano profile has been observed in an ever increasing variety of physical systems, and in particular in nanoscale structures [5, 6] . These include plasmonic nanostructures [7] [8] [9] , quantum dots, decorated nanoparticles [10] and spin filters [11] , to name a few. Although the Fano theory was built on a scattering framework where the observable was the population on the continuum (i.e. the ionized electrons), the result continued to be applied (with remarkable success) to dissipative, non-scattering systems where the observable was not always the population in the continuum of states. As noted by A. E. Miroshnichenko in 2010, "a suitable theory for a quantitative description of these cases is still lacking" [5] . Not only is a justification of the use of a Fano profile important for the sake of rigor, but such a theory would make the connection between the Fano parameter q and the physical quantities of the system.
In this letter, we solve the dynamics of a quantum system with energy levels in a Fano like configuration but coupled to a bath which induces excited states relaxation described in the Born-Markov approximation, by the Liouville equation in Lindblad form [12] for the system density matrix evolution. In addition to the absorption cross-sections which is what the original Fano model considers, we also provide the equations to describe the full optical emission, that is the coherent Rayleigh and Raman scattering and the incoherent fluorescence.
Although our formalism is general and can be applied to a variety of systems, an important motivation is the type of architectures encountered in light harvesting systems [13, 14] , where typically an atom or a molecule is adsorbed to a semiconductor surface. In most physical realizations of importance in solar energy research, the electronic ground state of this hybrid system is an isolated quantum state located in the semiconductor energy gap while the excited states can be considered as superposition of localized molecular excited states and delocalized semiconductor conduction band states [14, 15] . Evidence suggests that such a model with minor modifications could also account for molecules on metal nanoparticles [10, 16, 17] . Be it for solar energy applications, arXiv:1503.03051v1 [quant-ph] 10 Mar 2015 electronic or sensors, there is strong evidence that the details of the interface distinguish functioning from nonfunctioning devices [18] .
The energy levels of our model, along with the possible transitions, are shown in Figure 1 . A discrete excited state |e with energy e is coupled to a continuum of states |k with energy k . These states can be reached from a ground state |g through laser excitation. A submanifold (typically vibrational) |ν with energy ν is included in the electronic ground state to open inelastic scattering channels as |ν → |ν . The Hamiltonian is: 
where H 0 is the site Hamiltonian, H V is the coupling of the excited state to the continuum, for simplicity, in the following, we will consider that V (k) = e|H V |k is real.
H F is the interaction with the incident radiation field of frequency ω L , allowing transitions from the ground state to the discrete excited state ν ↔ e and to the continuum of states ν ↔ k, µ ij = i|µ|j is the transition dipole moment between states i and j and F is the field amplitude.
The originality of our model consists in taking into account a possible population relaxation of the continuum excited to the ground state at a rate Γ(k, ν). When the photo-excitation involves an electron, this relaxation is mainly the result of the electron-hole Coulombic attraction followed by the thermal relaxation through the phonons of the environment. We phenomenologically capture this dissipation process using a superoperator of Lindblad [12] form, which ensures the trace-preserving and complete positivity of the dynamical map, and solve the evolution of the density matrix with Liouville's equation:
where
and
where H T denotes the transpose of H, A(i, j) = |j i| are the jump operators and Γ(k, ν) is the population relaxation rate from state |k to |ν . The superoperator L D vib relaxes the ground states vibrational manifold and Γ ν0 is the population relaxation rate within the electronic ground state manifold. γ ij are the pure dephasing rates for the ij coherence relaxations. We have used the isomorphism from the adjoint representation (also called the column form) to the tensorial product given by: LρR → L ⊗ R T ρ, where ρ is the column form of the matrixρ through the correspondance: |l m| ↔ |l ⊗ |m ≡ ||lm [19] . Non-radiative quenching can exist, from the electronic excited state |e to the ground states |ν , but it is excluded for simplicity, although its inclusion can be done trivially. In practice, the electronic coupling V induces a much faster transition than this relaxation mechanism.
The optical response, the absorption as well as the emission spectrum, is obtained through the Fourier transform of the field two-times correlation function :
where E (±) θ (t) are the negative/positive frequency parts of the spherical polar component of the electric field, 0 and c are the vacuum permittivity and the light velocity, respectively. The emitted intensity at time t is given by C(t, 0) and the spectral power density is obtained through the Fourier transform of C(0, τ ). In the far field region, it can be shown that C(t, τ ) is proportional to the dipole two-times correlation function [20] . Using the quantum regression theorem [21] [22] [23] , the emitted light differential scattering cross-section can be written in the steady-state of the system as [24, 25] :
with A(θ) =
, dΩ the element of solid angle, I in the incident laser intensity, θ the polar angle in spherical coordinates, µ ab a transition dipole moment matrix element, ρ the steady state density matrix and
in the rotating-wave approximation (RWA), which consists in removing resonant oscillating prefactors and discarding non resonant terms. The Ω L matrix is a diagonal matrix with ±ω L for excited(ground)-ground(excited) coherences, and zero elsewhere. We focus on the weak field, steady-state, response because experimentally the Raman, Rayleigh and fluorescence spectra are taken at low intensities under continuous wave irradiation validating the RWA. In summary, in order to obtain the optical emission we need to calculate the resolvent and the steady-state density matrix, which we do next.
To obtain an explicit expression of
−1 is trivial even for the continuous infinite component, and the remaining non-diagonal part. The non-diagonal elements correspond to the field H F , the H V coupling and the non-diagonal part of the relaxation Γ(k, ν)A(k, ν) ⊗ A(k, ν). We first obtain the exact resolvent 
Then we obtain the full resolvent at the second order in the field as
The steady-state density matrix ρ is the kernel of the Liouvillian after the RWA is applied, that is (−iΩ L − L)ρ = 0, which is equivalent to ρ = ||00 + G M (0)L H F ρ, where ||00 is the kernel of L M . For low temperature we consider here, ||00 is the ground state. ρ can also be expanded to all orders in the field as ρ =
The above-mentioned steps are enough to calculate the optical response to the second order of the incident field wich is the lowest order required for linear spectroscopy observables. For arbitrary model parameters V (k), Γ(k, ν) and energy density of state n(k) = dk dE , using the procedure outlined in Eqs. (9) (10) (3) and (4), we have obtained integral equations for the optical response which can be used for efficient numerical calculations. However, explicit expressions can be obtained under certain approximations. For many materials, the wideband approximation which considers that the model parameters related to the continuum are k-independent, can faithfully reproduce experimental measurements. It is also the approximation which allows a closed analytic form in the original Fano problem [3] . We introduce the notation Γ cν = Γ(k, ν) and µ νc = µ νk for the kindependent parameters and present the analytical results for a wideband continuum.
A straightforward but tedious calculation [26] yields all the terms needed to calculate the optical response (Eq 9), in the wide band approximation. Light-matter interaction can be divided into absorption, and emission and their expressions are the main results of this paper. For the absorption, we have
2 (Γc0+Γc1) E( ; q, η) with
and where I em is the full emitted light intensity, = ( ω L − E e )/(nπV 2 ), q = µ 0e /(nπV µ 0c ) and η = (Γ c0 + Γ c1 )/(4πnV 2 ). We note that and q are the parameters of the original Fano model, while η is an additional parameter that expresses the population relaxation rate in units of the discrete-continuum transfer rate γ = πnV 2 / . When η → 0 the absorption profile is exactly a Beutler-Fano one, but when η = 0 there is an additional Lorentzian contribution.
The emission can be separated into two processes: coherent scattering (Rayleigh and Raman), and incoherent emission (fluorescence), which relies on non-zero occupation of the excited states. For the coherent scattering differential cross section:
Characteristic function for absorption or Raman emission for η = 0 (solid black) and η = 1 (red dashed) for q = 0, 1, 100 (intensities are normalized).
gives the lineshape and as expected, for a coherent scattering process, its linewidth does not depend on the excited states lifetime. E c ν ( ; q, η) gives the integrated intensity of the emission peak, often called the excitation profile. ν = 0 and 1 corresponds to Rayleigh and Raman Stokes lines respectively. To avoid singularities the value of Γ 00 is taken as a very small real number which physically represents the laser linewidth.
Without the presence of pure dephasing, the fluorescence vanishes. Its inclusion gives a fluorescence spectrum which has also a modified Fano profile. For pure dephasings such that γ ke = γ k0 = 0 and γ k1 = 0, γ eν = 0, we obtain
ν (ω), with:
. The first term of Eq. (14) can be attributed to the emission from the exited state |e . The width of its lineshape R f,e ν (ω) is given by the sum of the population and coherences relaxation rate in addition to nπV 2 / . Its corresponding excitation profile E f,e ν (˜ ; q, η) as a function of˜ is a Lorentzian. The second term of Eq. (14) corresponds to the emission from the continuum. Its excitation profile E f,c ν (˜ ;q, η) as a function of˜ is a modified Fano profile. Figure 2 shows normalized excitation profiles as given by Eq. (11), for several values of q and η. As η → 0 (which corresponds to Γ c1 + Γ c0 4πnV 2 ), the curve approaches the standard Fano profile while η = 1 shows the Fano with a Lorentzian contribution for different values of the q parameter.
Fitting the optical response of a dissipative system with the original Fano profile f ( , q) given by Eq. provides an effective value q eff which can be different from its actual value q depending on η. Figure 3 shows data points of the profile given by Eq. (11) with q = 1 and q = 4, and η = 1. We carry out two fits to this data, one with a standard Fano modelf ( , q), and one with a shifted Fano model :
, where D is the shift and N a normalisation factor. The relative difference q−q eff q , between the fit parameter q eff and the actual q is shown in the graphs below. For moderately large values of the parameter (here shown q = 4), a standard and the shifted Fano fits both reproduce successfully the data. However, as shown in the graph below, the extracted q eff parameters can be off by a factor of two at η = 1. These values of q are in the range of those reported in [10] . For smaller values of q, the standard Fano fit does not reproduce well the data. For the shifted Fano profile, however, it can be shown [26] that we can always express the parameters q and η as a function of the 3 parameters (q eff , N, D) such that our profile E( ; q, η) given by Eq. (11) matches exactly g( ; q eff , N, D), for all , Thus giving always an exact match between the fit and fitted curve but with q eff = q.
We expect that the equations will motivate the experimentalist to extract system parameters from routine optical spectroscopies which would otherwise not be accessible, characterizing with increasing precision the discrete-continuum interface both relevant in devices and interesting from a fundamental standpoint. Furthermore, our model opens a plethora of applications: optical response beyond the wide-band approximation which breaks down near the edges of conduction bands, strong field effects relevant for plasmonics, generalization to time-dependent laser pulses sequences relevant to non-linear 2D spectroscopy and application to real systems with the help of DFT.
